Fully developed homogeneous isotropic turbulent fields, computed by direct numerical simulation, are compared to divergence-free random fields having the same energy spectrum and either the same helicity spectrum as that of the turbulent data, or vanishing helicity. We show that the scale-dependent velocity flatness quantifies the spatial variability of the energy spectrum. The flatness exhibits a substantial increase at small scales for the turbulent field, but remains constant for the random fields. A diagnostic, the scale-dependent helicity, is proposed to quantify the geometrical statistics of the flow, which shows that only the turbulent flow is intermittent. Finally, statistical scale-dependent analyses of both Eulerian and Lagrangian accelerations confirm the inherently different dynamics of turbulent and random flows.
I. INTRODUCTION
Fully developed turbulence is characterized by its wide range of dynamically active scales. Isolated bursts of small scale activity are observed in many quantities, such as vorticity or energy dissipation, and lead to an inhomogeneous distribution of the small scale activity in space and time, a property which is generally called flow intermittency. This behavior is typically reflected by an anomalous scaling, e.g., the power law exponents ͑p͒ of the pth order velocity structure functions are below Kolmogorov's prediction p / 3 for increasing p ͓1͔. As first suggested by Batchelor and Townsend ͓2͔, intermittency is attributed to the selforganization of the flow and the emergence of coherent structures. However, a complete understanding of the origins of intermittency and its quantification is still missing. In the present paper, we address the question: Is the classical description in terms of energy spectrum and the probability distribution functions ͑PDFs͒ of velocity increments sufficient to characterize intermittency? We propose different scale-dependent statistics based on the wavelet decomposition and apply them to several turbulent and random flow fields. In particular, we introduce a diagnostics, the scaledependent relative helicity, with which we analyze geometrical statistics at different scales. Further insight into the dynamical processes is gained by considering scale-dependent higher order statistics of both Eulerian and Lagrangian accelerations.
II. METHODOLOGY
The three-dimensional flow fields we study here are three different divergence-free velocity fields u having the same energy spectrum E͑k͒, defined as E͑k͒ = ͐ k=͉k͉ ͉û ͑k͉͒ 2 dk / 2, where û is the Fourier transform of u. The first field ͑a͒ is the velocity at a given instant of a statistically stationary homogeneous isotropic turbulent flow. It has been computed by direct numerical simulation ͑DNS͒ at resolution N = 2048 3 , which corresponds to a Taylor microscale Reynolds number R = 732 and presents an energy spectrum E͑k͒ ϰ k −5/3 , as shown in Fig. 1 ͓3-6͔. In addition, we generate two synthetic divergence-free Gaussian isotropic random fields, ͑b͒ and ͑c͒. Field ͑b͒ is obtained by decomposing the Fourier coefficients of the DNS velocity field u into helical waves h Ϯ ͑see, for instance, ͓7͔͒, û ͑k͒ = â + ͑k͒h + ͑k͒ + â − ͑k͒h − ͑k͒, with h Ϯ ͑k͒ · k = 0, and randomizing the phases of the coefficients â Ϯ . This method thus preserves energy and helicity spectra. Field ͑c͒ corresponds to a divergence-free Gaussian random field with vanishing helicity, obtained by imposing â + ͑k͒ = â − ͑k͒, which has the same energy spectrum E͑k͒ as the DNS field. A departure from the random fields may provide a basic measure of the space and scale non-Gaussian characteristics and the flow intermittency ͑see, e.g., ͓8-12͔͒. A comparison of turbulent and random fields having the same energy spectrum was presented in ͓9͔ showing that no vortical structures are present in the latter. 
where the multi-index = ͑j , i , ͒ denotes, for each wavelet , the scale index j ͑varying from 0 to J −1͒, the spatial index i ͑having 2 3j values for each j and ͒, and the direction index =1, ... ,7 ͓13,14͔. Due to orthogonality, the wavelet coefficients are given by ũ = ͗u , ͘, where ͗,͘ denotes the L 2 inner product. The wavelet coefficients measure the fluctuations of u at scale 2 −j and around position i / 2 j for each of the seven possible directions . The contribution of u at scale 2 −j is obtained by fixing j and summing only over i and in Eq. ͑1͒. By construction we have u = ͚ j u j . From the scale-dependent kinetic energy, defined as Ẽ j = ͗u j , u j ͘ / 2, we obtain via scale orthogonality the total energy E = ͚ j Ẽ j .
III. NUMERICAL RESULTS

Relating scale 2
−j with wave number k j as k j = k 2 j , where k is the centroid wave number of the chosen wavelet ͑k = 0.77 for the Coiflet 12 used here͒, the wavelet energy spectrum for the ᐉth component of velocity is defined as
, and ͗ ͘ denotes the spatial average. Note that Ẽ ᐉ corresponds to a smoothed version of the Fourier energy spectrum ͓13,14͔. For each velocity component, we can then quantify the spatial variability of the energy spectrum at a given wave number k j as the standard deviation of Ẽ ᐉ ͑k j ͒, defined by Figure 1 shows the compensated energy spectrum ͑i.e., the spectrum multiplied by k j 5/3 ͒ and the corresponding spatial variability for the three fields as a function of the dimensionless wave number k j , where is the Kolmogorov dissipative scale ͓4͔. By construction all fields have the same energy spectrum, however, the standard deviation of their spatial fluctuations ᐉ ͑k j ͒ differs. The central wave number k j is in the inertial subrange for j =3,4,5, where Ẽ ᐉ ͑k j ͒ ϰ k j −5/3 , and we find that for scales j ജ 2, the spatial variability ᐉ ͑k j ͒ is larger for the turbulent field ͑a͒ than for the two random fields.
To study higher order scale-dependent statistics we define the pth order centered moments of each component u ᐉ of the vector field u at scale 2 −j by
For a relation between M p ͓u j ᐉ ͔ and the pth order velocity structure functions ͑p͒ we refer to ͓12͔. The scaledependent flatness of the velocity component u ᐉ , defined as
, is related to the standard deviation of the spectral distribution of energy ͑2͒ by
This demonstrates that the scale-dependent flatness F͓u j ᐉ ͔ based on the wavelet coefficients of velocity yields an easy way to compute a quantitative measure of the spatial variability of the energy spectrum ͓15͔.
To quantify the flow intermittency, we plot in Fig. 2 the scale-dependent flatness for the three different fields. We found that it increases with wave number for the turbulent field ͑a͒, while the two random fields have values that remain close to three at all scales, which is characteristic of Gaussian noise.
The PDFs of the corresponding vorticity fields = ١ ϫ u are presented in Fig. 3 . For the two random fields the vorticity has a Gaussian PDF, while for the turbulent field it exhibits stretched exponential tails ͓16͔.
The flow helicity, defined as H = u · , gives a quantitative measure of the geometrical statistics of turbulence. The statistics of isotropic turbulence and their relevance to structures, e.g., large-scale flow and high dissipation regions, have been examined since the late 1980s, for example, ͓17-19͔. A review is beyond the scope of the paper; for further details we refer to ͓20,21͔. We now introduce the scaledependent helicity
where u j and j are velocity and vorticity at scale 2 −j , respectively. The scale-dependent helicity H j ͑j 0͒ preserves Galilean invariance, though helicity H itself does not. The scale-dependent relative helicity is defined by h j = H j / ͉͑u j ͉͉ j ͉͒. The evolution of its PDF with the scale is shown in Fig. 4 for the turbulent flow. The PDF of relative helicity presents a peak for h j = 0 at scales j ഛ 8, which corresponds to a higher probability for the vorticity and velocity vectors to be orthogonal, while at smaller scales j Ͼ 8 it has two peaks at h j = Ϯ 1, which correspond to a higher probability for vorticity and velocity vectors to be aligned or antialigned ͑Fig. 4͒. In contrast, the PDFs of the random fields ͑b͒ and ͑c͒ have almost constant values about 0.5 at all scales ͑Fig. 4, insets͒. Figure 5 shows two-dimensional cuts of the modulus of vorticity at two different scales ͑j = 4 and j =8͒, for the turbulent field ͑left͒ and for the helical random field ͑b͒ ͑right͒. We observe that the spottiness of the turbulent field increases when the scale decreases, which illustrates its intermittency. In contrast, the random field ͑b͒ exhibits a spatially homogeneous distribution whatever the scale, which confirms its nonintermittency. The same also holds for the random field ͑c͒ ͑not shown here͒.
To get further insight into the dynamics of Navier-Stokes turbulence, we analyze the Eulerian and Lagrangian accelerations defined as
respectively, where P denotes the pressure, is the kinematic viscosity, and where the density has been normalized to one. For a review on Lagrangian acceleration we refer to ͓22͔. Using the PDF of a E and a L for the same data, it has already been found in ͓6͔ that the Lagrangian acceleration is more intermittent than the Eulerian acceleration. Here we focus on the scale-dependent PDFs and compare the turbulent field with the random fields. After decomposing both accelerations into an orthogonal wavelet series ͑1͒, we reconstruct their corresponding scale contributions a E,j and a L,j . In Figs. 6 and 7 we plot the PDFs of the Eulerian and Lagrangian accelerations at different scales for the turbulent field ͑a͒ and the random fields ͑b͒ and ͑c͒. For the turbulent field the PDFs of both accelerations have stretched exponential tails, which become heavier at small scales. Furthermore, at each scale the Lagrangian acceleration exhibits heavier tails than the Eulerian one. This confirms that the former is more intermittent than the latter, in accordance with the conclusions drawn in ͓6͔ for the total PDFs.
For the random fields ͑b͒ and ͑c͒ the observations differ significantly. The PDFs of both Eulerian and Lagrangian accelerations have exponential tails, but without showing any scale dependence ͑insets in Figs. 6 and 7͒. The scaledependent PDFs of the Eulerian acceleration are in good agreement with a Laplace distribution, which is not the case for the Lagrangian acceleration. This suggests that the term ͑u · ١͒u, which exhibits a Laplace distribution, is dominant in the Eulerian acceleration for all scales, as shown in ͓11͔. We found that the flatnesses of both accelerations ͑Fig. 8͒ increase with scale for the turbulent flow, but the flatness of the Lagrangian acceleration is one order of magnitude larger than the flatness of the Eulerian acceleration, which shows the extreme intermittency of the former. In contrast, for both random flows the flatness remains almost constant, around 5 for the Lagrangian acceleration and around 6 for the Eulerian acceleration, which confirms that the latter yields a Laplace distribution ͑whose flatness is 6͒. This proves that the random fields are nonintermittent, as no scale dependence can be observed, even if their PDFs of acceleration are strongly non-Gaussian.
IV. CONCLUSIONS
The intermittency of the turbulent and random fields has been quantified using wavelet based scale-dependent statistics. It has been shown that the spatial variability of the energy spectrum is closely related to the scale-dependent flatness, which substantially increases for turbulence, while it remains constant at all scales for the random fields. A multiscale measure to study geometrical statistics, the scaledependent helicity, has been introduced. We found for the turbulent flow that the helicity and the PDFs of both Lagrangian and Eulerian accelerations strongly vary with scale, which is not the case for the random flows. These results confirm that scale-dependent statistics are necessary to characterize the intermittency of fully developed turbulent flows. An important consequence of this result is that divergencefree stochastic processes, having the same energy spectrum and velocity PDF as turbulent flows, cannot be used to model turbulent transport and mixing of scalars or particles, since, as long as they are nonintermittent, they do not preserve the scale behavior of acceleration. We also found that helicity does not play a statistically significant role for the random fields, as it does for turbulent flows. These results confirm the need for constructing intermittent stochastic processes to model turbulence, in a spirit similar to the advected delta-vee system ͓23͔, which could be done using the wavelet representation.
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